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Abstract—Faithful visualizations of data residing on manifolds
must take the underlying geometry into account when producing
a flat planar view of the data. In this paper, we extend the classic
stochastic neighbor embedding (SNE) algorithm to data on general
Riemannian manifolds. We replace standard Gaussian assump-
tions with Riemannian diffusion counterparts and propose an
efficient approximation that only requires access to calculations
of Riemannian distances and volumes. We demonstrate that the
approach also allows for mapping data from one manifold to
another, e.g. from a high-dimensional sphere to a low-dimensional
one.

Index Terms—Directional statistics, visualization, machine
learning, differential geometry.

I. INTRODUCTION

Visualizations are crucial to investigators trying to make
sense of high-dimensional data. The most common output of
a visualization is a two-dimensional plot (e.g. on a piece of
paper or a computer screen), so we often call on a form of
dimensionality reduction when working with high-dimensional
data. The vast majority of dimensionality reduction techniques
assume that data resides on a Euclidean domain (Sec. 1I-A),
which presents a problem when data is not quite that simple.
Data residing on Riemannian manifolds, such as the sphere,
appear in many domains where either known constraints or
other modeling assumptions impose a Riemannian structure
(Sec. II-B). In such settings, how should one visualize data?

There are many concerns and questions when visualizing
Riemannian data. The first is generic: all dimensionality re-
duction tools amplify parts of the signal, while reducing the
remainder. This is an inherent limitation, which should always
be in mind when interpreting data visualizations. Since some
loss of information is inevitable, should we then loosen our
grip on the data or its underlying Riemannian structure when
such is present? Gauss’s Theorema Egregium [1] informs us
that if the final plot is to be presented on a flar screen or
piece of paper, then a distortion of the Riemannian structure
is inevitable.

In practice, even if one accepts the limitations of a visu-
alization, actual algorithms for visualizing Riemannian data
are missing. In this paper, we develop an extension of the
Stochastic Neighbor Embedding [2] method to Riemannian
data and thereby provide one such tool. We call this Rieman-
nian Stochastic Neighbor Embedding, or Rie-SNE for short.
Our approach is quite general as it allows for embedding data
observed on one Riemannian manifold to be embedded on
another. This allows for mapping data from a Riemannian
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Fig. 1. Rie-SNE visualizes high-dimensional Riemannian data by mapping
to a low-dimensional Riemannian (or Euclidean) manifold, which can then be
shown. The figure shows high-dimensional spherical data mapped to either a
low-dimensional sphere or a low-dimensional plane. The method also supports
other manifolds, both as input and output.

space to a two-dimensional Euclidean plane (for plotting), but
also mapping to a two-dimensional sphere, or similar, when the
Euclidean topology is inappropriate. Rie-SNE does not claim
to solve the above-mentioned limitations of visualization, but
it does provide a working tool, which we demonstrate to have
practical merit.

II. BACKGROUND AND RELATED WORK

Before describing Rie-SNE, we provide the relevant context
on visualization and geometry.

A. Euclidean visualization

General data visualization is a vast topic, and a complete
review is beyond our scope [3]. We here focus on the set-
ting where data is represented as vectors (points) in a Eu-
clidean space of high dimension. When data is two- or three-
dimensional a scatter plot can directly reveal its structure, and
we focus on the more difficult setting where data dimensions
vastly exceed the easily plottable. Here one may explore the
data through multiple projections, such as pairwise scatter
plots, which is usually manageable for data of up to around
10 dimensions. Eventually the approach tends to become
unwieldy and the greater picture is lost. Alternatives include
continuously interpolating between dimensions to provide an
(interactive) animation [4].

The approach we here explore is to find a non-linear
mapping from the high-dimensional observation space into
a two- or three-dimensional space, which is suitable for
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plotting. Many variants of this approach exists, and we only
touch upon a few. Principal component analysis (PCA) [5] is
perhaps the most commonly used approach to dimensionality
reduction. This seeks a low-dimensional representation of data
that preserves as much variance as possible. The restriction
to spanning a linear subspace of the observation space, how-
ever, often implies that the low-dimensional view reveal little
structure. The Gaussian process latent variable model (GP-
LVM) [6] provides a nonlinear probabilistic extension of PCA
that places a Gaussian process prior on the unknown mapping
that reduce dimensionality, and marginalize this accordingly.
The approach carries intrinsic elegance, but its optimization
can be brittle [7]. Classic ‘manifold learning’ techniques avoid
optimization issues by phrasing optimization tasks, where an
optimum is available through spectral decompositions [8]-
[10]. These rely on constructions of neighborhood graphs,
which, however, can be brittle, so in practice the resulting
visualizations are sensitive to parameter choices. The stochas-
tic neighbor embedding (SNE) [2] replaces the ‘hard’ graph
construction with a softer construction. A modern variant
of this method [11] is one of the currently most popular
algorithms, and is the one we here extend. We cover this in
Secs. II-D and II-E.

B. Riemannian data

Data is often equipped with additional knowledge such as
constraints or given smooth structures. In many scenarios this
additional knowledge gives the data a Riemannian structure.
For example, knowing that all observations have unit norm,
places them on the unit sphere, which has a well-studied Rie-
mannian structure. The a priori available knowledge giving rise
to a Riemannian data interpretation differs between domains,
and we here only name a few. The most prominent example
is that of directional statistics [12]-[14] where data resides
on the unit sphere. Other examples include shape data [15]-
[19], DTI images [20]-[22], image features [23]-[25], motion
models [26], [27], human poses [28]-[31], robotics [32], [33],
social networks [34] and more.

Even if Riemannian data is becoming increasingly common,
tools for visualization have not followed. The most common
approach for visualizing Riemannian data is to locate a point
on the manifold, e.g. the intrinsic mean [35], and map the
data to the tangent space of this point. That gives a Euclidean
view of the data, which can then be visualized with one of
the many methods for this domain (Sec. II-A). In particular,
applying PCA tangentially is the gold standard [36]. Unless
data is concentrated around the point of tangency this approach
is bound to give a highly distorted view of the data, and in
practice most knowledge reflected in the geometry will be
lost by the linearization [37]. Several extensions of PCA to
Riemannian manifolds exist, e.g. [38]-[40]. These focus on
generalizing the classic linear models, and less work has been
done on extending nonlinear methods. Two notable extensions
are a ‘wrapped’ extension of the GP-LVM [41], and an
extension of the classic principal curves model [42].

C. Measuring on Riemannian manifolds

In order to engage with data residing on a manifold, we
need a collection operators that can be applied to data. Here
we only cover the most basic as that is all required by Rie-
SNE. A detailed exposition can be found elsewhere [35], [43].

A Riemannian manifold is a space which is locally Eu-
clidean. This imply that in a neighborhood around a point g
on the manifold, we can get a Euclidean view of the manifold
in the form of a tangent space, which is equipped with an
inner product,

(%0, %) = X; Gux;, (1)

where G, is a symmetric positive definite matrix that reflects
the inner product at g. This inner product is allowed to change
smoothly between tangent spaces, in order to compensates
for the approximation error induced by linear view of the
manifold. This distortion can be characterized by the change-
in-volume between the manifold and its tangent, which follows
\/det G, [35].

The inner product allow us to define local distances, which
can be integrated to provide a notion of curve length. That is,
given a curve c on a manifold, we may compute its length as

Length|c] :/\/<ét,ét>ctdt, 2)

where we assume the curve to be parametrized by ¢ € [0, 1],
and use c; and ¢; to denote the position and velocity of the
curve, respectively. From the notion of a curve length, it is
trivial to define the distance between two points as the length
of the shortest curve,

dist = min Length|c]. 3)
[

The shortest curve commonly goes under the name geodesic.
The distance function can be differentiated using the relation

Ox, dist? (x4,x;) = 2Log,. (x;), 4

where Log, (x;) is the Riemannian logarithm map [35]. If c
is a constant-speed geodesic connecting x; and x;, then the
logarithm map is merely the initial velocity ¢ of said curve.

D. Stochastic neighbor embedding

Stochastic neighbor embedding (SNE) [2] is a dimensional-
ity reduction tool, which aims to preserve similarity between
neighboring points when mapped to a low-dimensional repre-
sentation. Assume for now, that we have access to function
Shigh and Sjow, which measure the similarity between obser-
vation pairs in the high-dimensional observation space and
the low-dimensional representation space, respectively. Now
define the conditional probability, p;|; that x; would pick x;
as its neighbor [11]

Shigh (%X
Zk# Shigh (xk|x:) ‘

Djli = (5)



Common convention is to define pili = 0. Further note that
> i Pjli = 1. We can renormalize this to form a distribution
over all observations as
Pjli + Pil
0T T o
where n is the number of observations.

To learn a low-dimensional representation, the key idea is
to repeat the above over the low-dimensional space to form

(6)

’ Zk# Stow (Yk|Yi)
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We can now compare the similarity of our data and the
representation by computing the Kullback-Leibler divergence
between p;; and g;;,

C =KL (P||Q) = ZZ pijlo gp” 9)

This can then be minimized using gradient descent with
respect to the low-dimensional representation {y;}7 ;.
In its classic form, SNE picks the measures of similarity as

Gaussian functions
2
Shigh (X;]%;) = (27rc712)_D/2 exp <w> ,
20;
: Iy, = yill? (1o
Sow (5y5) = (2m) " exp (—2) |
With this choice, the normalization constants of Eq. 10 cancel
out when computing p;|; and q]|Z Note that this approach
gives a per-observation variance o2, such that different points
effectively can have different sizes of neighborhoods. To
determine the o7 parameters, the user specifies a perplexity

parameter, which can be thought of as a measure of the
effective number of neighbors [11]. This is defined as

perplexity = oH(P) an
where H (P;) is the Shannon entropy [44] of P; in bits:
H(P) == pjilogspjpi- (12)

J
For a specific user-provided value of the perplexity parameter,
we can perform a binary search over o7 such that Eq. 11

holds. In practice, the user experiments w1th different choices
of perplexities to see which reveals a pattern.

E. The t-distributed stochastic neighbor embedding

The most popular variant of SNE is the t-distributed SNE
[11]. This is motivated by the so-called ‘crowding problem’
often observed in SNE, where the low-dimensional representa-
tions significantly overlap without revealing much underlying
structure. The idea is to use a similarity in representation space
with more heavy tails than the Gaussian. Specifically, sjow iS

chosen as a t-distribution with one degree of freedom centered
around one representation, i.e.

o\ —
—yill*) (13)

Slow(Y,i‘Yi) =n! (1 + ||YJ

As is evident, t-SNE needs to compute all pairwise distances
between data points and therefore has quadratic complexity.
Using approximation techniques, such as vantage-point trees
or the Barnes-Hut approximation, the running time can be
lowered down to having O(nlogn) complexity [45].

III. METHOD

The inner workings of Rie-SNE, or Riemannian Stochastic
Neighbor Embedding, are now examined.

A. Brownian motion on a Riemannian manifold

The key building block for generalizing SNE to Rieman-
nian manifolds is a suitable generalization of the Gaussian
distribution. Here we consider a density derived from a Brow-
nian motion on a Riemannian manifold for high-dimensional
probability computations.

Given a Brownian motion in Euclidean space, the prob-
ability that the random walk will end in point x can be
computed by using the Gaussian density. If the increments of
the Brownian motion are sufficiently small, each increment can
be projected onto the tangent space of corresponding points
on a Riemannian manifold without error. Then, a Brownian
motion starting at point A running for some time ¢ can be
projected onto a D-dimensional Riemannian manifold and
there it will give rise to a random variable, a random variable
that can be interpreted as the probability that a Brownian
motion starting at A will end in point x on the manifold.
Since now the Brownian motion has been projected onto a
Riemannian manifold the density will be different, and it can
be approximated with a paramatrix expansion [46], [47]:

.2
dist (X,)\)) (14)

BM(x|A t) =~ (27rt)_% Hyexp (— 5

where

- t € R4 is the duration of the Brownian motion and
corresponds to variance in Euclidean space.

- A is the starting point of the Brownian motion.

- Hy is the ratio of Riemannian volume measures evaluated
at points x and A\ respectively, i.e.:

det G« H
H =
0 (det GA)

with again G|, being the metric evaluated at p.

5)

Superficially, Eq. 14 looks like the density of the normal
distribution, with the Euclidean distance being replaced by
its Riemannian counterpart. However, here it is worth noting
that the normalization factor H is different from the usual
Euclidean distribution.
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Fig. 2. Two-dimensional Euclidean embeddings of spherical MNIST. The left panel show the embedding obtained by Rie-SNE while the right panel show
the gold standard of tangent space PCA. Note how Rie-SNE discovers structure, which is lost on tangent space PCA.

B. Rie-SNE

Rie-SNE works in a similar manner as SNE and t-SNE, i.e.
it will also produce two probability distributions P and )
from the data and aim to make them as similar as possible
and in the process capture some underlying structure in the
produced low dimensional embedding. However, computing
the high-dimensional probability distribution P comes with
an added cost. To preserve the Riemannian nature of the data,
a different density is used when computing high-dimensional
probabilities belonging to P, namely the approximate density
induced by the heat kernel of a Brownian motion on a
Riemannian manifold given in Eq. 14, i.e. we pick

Shigh (X |%i) = BMx;[x;,t;. (16)

The added computational cost is that the evaluation of BM(+|-)
is more demanding than the conventional Gaussian similarity
(10). Specifically, the normalization H, and the geodesic
distance may be demanding, depending on the manifold on
which the data resides.

With the Browninan motion model we get

Holi j] - exp (21t )

Dji = N a7
S Holi K] - exp (— =5 1a40)
leAi ’
where we use the notations dist[i,j] = dist®(x;,x;) and

Holi, j] = /4t Gx; /det G, to emphasize that these quantities
can be pre-computed. As with SNE, we can optimize ¢; to
match a pre-specified perplexity using a binary search.

C. Choice of representation

As mentioned in Sec. I, Gauss’s Theorema Egregium [1]
inform us that we cannot isometrically embed data from
a curved space into a space of different curvature without
introducing distortion. Specifically, if we embed data from a
nonlinear manifold onto a flat two-dimensional representation
(for plotting) then the curvature mismatch between spaces
induces a distortion. This is a fundamental limitation that
any visualization of Riemannian data will face, but we may
nonetheless try to limit its impact. One approach is to embed
the data onto a manifold of similar curvature as that of the

manifold on which the data resides. For example, if the data
resides on a high-dimensional sphere, it is perhaps more
prudent to embed onto a two-dimensional sphere for plotting,
rather than a Euclidean space.

With this in mind, we choose different distributions over the
low-dimensional representation, depending on user preference.

o Euclidean. If the user prefers a Euclidean low-
dimensional representation, we opt to use a student-t as
in regular t-SNE,

-1

sw(Yilys) =71 (L+ [ly; — yil?) (18)

o Spherical. If the data manifold has positive curvature it
may be beneficial to embed on a sphere, in which case
we opt to use a von Mises-Fisher distribution [12],

-1
Slow(}'jb’i):<m[d/2—l(1)) exp (y; yi), (19)

where I, is a modified Bessel function of the first kind
of order v. In practise the normalization constant cancels
out and can be ignored.

¢ Other. The user may have other prior knowledge about
the manifold on which the data resides, which may sug-
gest embedding on some other low-dimensional manifold.
In this case, we suggest to also use the Riemannian
Brownian over the low-dimensional representation, i.e.,

siow(¥5lyi) = BM(y;ly:, 1).

Once we have defined both syen and sj0, We can estimate
the representations using gradient descent just as regular SNE.
Having performed T iterations (with a sufficiently large value
for T') of the gradient descent, the two probability distributions
P and @ will have a minimal KL-divergence resulting in
near-optimal positions of the points in the low-dimensional
embedding. The key elements of the resulting computations
are provided in Alg. 1 on page 7.

(20)

D. Implementation details

Our implementation of Rie-SNE relies on two approxima-
tion techniques that are traditionally also used when perform-
ing regular t-SNE.
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Fig. 3. Four different views of embeddings of spherical MNIST. The top row show spherical embeddings obtained using Rie-SNE, while the bottom row
show three-dimensional embeddings using the gold standard tangent space PCA. Note that the clustering structure is significantly more evident in Rie-SNE.

First, we compute the high-dimensional probabilities in
P by using a sparse nearest neighbor-based approximation
technique [45]. This means we compute a sparse approximate
P distribution, where far-away points are given a probability
of zero. This can be realized with a nearest neighbor search.
Empirical results from van der Maaten [45] suggest a value
of 7 = |3 perplexity | nearest neighbors will give sufficiently
good approximations of P, which we also use here. Finding
the 7 nearest neighbors of each point can be done by construct-
ing a vantage-point tree [48] over the data and performing a
nearest neighbors search on the resulting tree. Constructing the
tree, performing the nearest neighbor search and computing
the relevant values of P has time complexity O(rnlogn).

Second, we use the Barnes-Hut approximation [49], when-
ever we opt to use a student’s t-distribution over the low-
dimensional representation. Minimizing the KL-divergence
between the two probability distributions P and ) requires
using gradient descent, and in each step of the gradient
descent we need to compute all pairwise g;; of ¢, which
has quadratic complexity. The Barnes-Hut approximation of
the gradient instead has complexity O(nlogn). In short, this
approximation split the low-dimensional representation into
quadrants (via tree structures named quadtrees/octtrees), such
that points in far-away and small enough quadrants can be
approximated as the same point appearing multiple times.
For each low-dimensional point, a depth-first search with
complexity O(log n) is done to mark quadrants as approximate
quadrants or not. A total of n depth-first searches are carried
out, yielding the O(nlogn) time complexity.

IV. RESULTS

The performance of Rie-SNE is shown by comparing it
to the gold-standard of visualizing non-euclidean data. This
amounts to first computing the intrinsic mean, mapping all
data to the tangent space at this point, and performing PCA
over the tangential data.

A. Spherical MNIST

We start with the classic MNIST dataset [50] consiting of
24 x 24 dimensional gray-scale images. We consider digits 0—
5 to reduce clutter. To induce a non-Euclidean data geometry,
we project the data onto the unit sphere of R?4*24 and
denote the resulting data spherical MNIST. We visualize the
resulting data using both Rie-SNE and tangent space PCA.
First, we embed the data onto the plane, R2, and show the
resulting plots in Fig. 2. Here it can be seen that Rie-SNE
captures well the underlying relationship between the data
points (same digits are grouped together), while tangent space
PCA produces a cluttered view which does not reveal the
underlying structure. Since the data has a spherical geometry,
it may be beneficial to embed onto a low-dimensional sphere
to better preserve topology and curvature. Figure 3 show the
Rie-SNE embedding onto S?, where the clustering is again
evident. As a baseline, the figure also shows a tangent space
PCA embedding on R3. Although some structure can be
captured with tangent space PCA here, Rie-SNE still gives
better separation of the digit classes.

B. Crypto-tensors

Following Mallasto et al. [41] we consider the price of 10
popular crypto-currencies' over the time period 2.12.2014 —
15.5.2018. As is common in economy [51] the relationship
between prices is captured by a 10 x 10 covariance matrix
constructed from the past 20 days. This gives rise to a time
series of covariance matrices, each of which reside on the
cone of symmetric positive definite matrices. We provide
visualizations of the data in Fig. 4. Rie-SNE is used to
produce visualizations on both the plane R? and the sphere
S?, showing a one-dimensional structure capturing the time-
evolution behind the data. In contrast, tangent space PCA
produce R? and R? visualizations showing little to no structure
in the embeddings.

IBitcoin, Dash, Digibyte, Dogecoin, Litecoin, Vertcoin, Stellar, Monero,
Ripple, and Verge.
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Fig. 4. Embeddings of symmetric positive definite matrices using Rie-SNE
(left) and tangent space PCA (right). The top row show two-dimensional
Euclidean embeddings, while bottom row show spherical and R3 embed-
dings, respectively. In both cases Rie-SNE recovers a one-dimensional signal
matching the underlying time series, while tangent space PCA does not.

V. CONCLUSIONS

In this paper, we presented a new type of visualization tech-
nique, Rie-SNE, that is aimed at data residing on Riemannian
manifolds, such as spheres. It is a SNE-based technique that
can additionally produce different kinds of low-dimensional
embeddings depending on user preference and the curvature of
the original data manifold. We compare Rie-SNE to a standard
technique when it comes to visualizing non-euclidean data,
which is to perform PCA on the data mapped to tangent space.
The results are promising, and we believe this technique could
have some merit. For future work we would like to see this
taken further: it would be interesting to see more visualizations
of data mapped to well-known manifolds, other than those that
were used in this paper, and it would especially be interesting
to try this out on some non-standard manifolds. In the case
of non-standard manifolds, computing geodesics is likely non-
trivial, such that some approximation techniques might need
to be developed. We hope that the present work also paves the
way for other visualization tools for Riemannian data in order
to support investigators relying on geometric models.
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Algorithm 1: Computing conditional probabilities p;;

Data: Geodesic distance matrix: D,

Riemannian volume measure ratio matrix: Ho,
Data space dimensionality: dim,
Desired perplexity: desired_perplexity

Result: n X n matrix of conditional probabilities: P
begin

P + zeros(n,n)
binary_search_steps < 100
perplexity_tolerance < 107°
for i=0 to n do

t_min < — oo

t_max < oo

t<+ 1.0

for /=0 to binary_search_steps do
row_sum < 0.0

for j=0to n do

Pli, j]

(2mt) 5" Hofi, ] - exp ng])
row_sum < row_sum + P|i, j]
end
entropy < 0.0
for j=0 to n do

Pli, j] ¢ ol
if P[i,j] # 0.0 then

entropy <—
entropy + Pli, j] - log, (Pli, j])
end

end
entropy_dif f +
— entropy — log, (desired_perplexity)
if |entropy_dif f| < perplexity_tolerance
then
| break
end
if entropy_diff < 0.0 then
t_min <t
if t_max == oo then
It 2-¢
else

‘ t t+t_mazx

2.0

else
t_max <t
if t_min == —oo then
t
| t< 3
else

t+t_min
‘ t 2.0

end
end

end
end
return P
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